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Introduction
Suppose that W is a Coxeter group and let W denote the set of strongly real elements of W . So W D ¹w 2 W j w D xy where x; y 2 W and x 2 D y 2 D 1º:
Let w 2 W . Then the excess of w, e.w/, is defined by e.w/ D min¹`.x/ C`.y/ `.w/ j w D xy; x 2 D y 2 D 1º:
In [7] it is shown that any element w 2 W is W -conjugate to an element whose excess equals zero. Or, in other words, w is W -conjugate to an element xy where x and y are involutions or the identity element and`.xy/ D`.x/ C`.y/. The present paper explores this theme further in the case when W is finite. When W is finite it is well known that W D W . From Carter's seminal paper [3] , it follows that, in fact, each w 2 W can be expressed in the form w D xy where x 2 D y 2 D 1 and V 1 .x/ \ V 1 .y/ D ¹0º: Here V is a reflection module for W (to be defined in Section 2) and V .x/ denotes the -eigenspace of x on V . We note that Carter [3] only considers the Weyl groups; for a proof covering all finite Coxeter groups see Lemma 2.4. Writing L.w/ for the reflection length of w, this means that L.w/ D L.x/ C L.y/:
With this in mind we define the reflection excess of w, denoted E.w/, to be E.w/ D min¹`.x/C`.y/ `.w/ j w D xy; x 2 D y 2 D 1; L.w/ D L.x/CL.y/º:
It is clear that E.w/ e.w/. However, it is not always the case that E.w/ D e.w/.
Consider the element w D .145/.236/ of Sym.6/, the Coxeter group of type A 5 . We have L.w/ D 4,`.w/ D 10 and Table 1 gives the possibilities for x and y with w D xy. As can be seen, E.w/ D 2 but e.w/ D 0. Surprisingly, the difference between E.w/ and e.w/ can be arbitrarily large, as is shown in Proposition 3.3. The main theorem in this paper is the following. We do not know if it is true that for an arbitrary Coxeter group and a strongly real conjugacy class X, there exists w 2 X with w of minimal length in X and e.w/ D 0. However we note that this does hold for an arbitrary Coxeter group when X is a strongly real conjugacy class whose elements have finite order. This may be seen by combining a theorem of Tits ([2, Chapter V, Section 4, Ex. 2d]) with Lemma 2.3 (which holds in general) and Theorem 1.1.
This paper is arranged as follows. Our next section gathers together relevant background material while reviewing much of the standard notation used for Coxeter groups. Section 3, apart from proving Proposition 3.3, focusses on the proof of Theorem 1.1. Part of the proof involves checking, with the aid of MAGMA [1] , all the cuspidal classes of the exceptional finite irreducible Coxeter groups. The data resulting from these calculations is documented in the Appendix. At present, when studying minimal elements in conjugacy classes, this case-by-case approach is often the best we can do; see for example Geck and Pfeiffer [6, Chapter 3].
Preliminary results and notation
From now on we assume that W is a finite Coxeter group and quickly review standard notation and facts about such groups. So W has a presentation of the form W D hR j .rs/ m rs D 1; r; s 2 Ri;
where m rs D m sr 2 N, m rr D 1 and m rs 2 for r; s 2 R; r ¤ s. The rank of W is jRj. The length of an element w of W , denoted by`.w/, is defined to bè
Let V be a real euclidean vector space with basis … D ¹˛r j r 2 Rº and norm This then extends to an action of W on V which is both faithful and respects the bilinear form h ; i (see [8] ). The elements of R act as reflections upon V and V is referred to as a reflection module for W . The subsetˆD ¹w ˛r j r 2 R; w 2 W º 500 S. B. Hart and P. J. Rowley of V is the root system of W , andˆC D ¹ P r2R r˛r 2ˆj r 0 for all rº and D ˆC are, respectively, the positive and negative roots ofˆ. For w 2 W , let N.w/ D ¹˛2ˆC j w ˛2ˆ º; it is an important fact that`.w/ D jN.w/j. In a similar vein we have the following well-known result.
For J a subset of R define W J to be the subgroup generated by J . Such a subgroup of W is referred to as a standard parabolic subgroup. Standard parabolic subgroups are Coxeter groups in their own right with root system J D ¹w ˛r j r 2 J; w 2 W J º (see [8, Section 5 .5] for more on this). A conjugate of a standard parabolic subgroup is called a parabolic subgroup of W . Finally, a cuspidal element of W is an element which is not contained in any proper parabolic subgroup of W . Equivalently, an element is cuspidal if its W -conjugacy class has empty intersection with all the proper standard parabolic subgroups of W . 
Proof. The proof is by induction on the rank of W , the rank 1 case being trivial. Let x; y 2 W be such that w D xy with x 2 D y 2 D 1. (For W a Weyl group, this is possible by [3] . The case when W is a dihedral group is straightforward to verify while types H 3 or H 4 may be checked using MAGMA [1] .)
The appropriate conjugates of a and b will have the same properties with respect to w, so proving the lemma. Lemma 2.5. Suppose that R D ¹r 1 ; r 2 ; : : : ; r n º and set w D r 1 r 2 r n . Let X denote the W -conjugacy class of w. Then (i) the minimal length in X is n; and (ii) the product of r 1 ; : : : ; r n in any order is an element of X.
Note that the minimal length elements of X in Lemma 2.5 are known as the Coxeter elements of W . We shall use Dih.2m/ to denote the dihedral group of order 2m. The famous classification of irreducible finite Coxeter groups obtained by Coxeter [4] (see also [8] ) states
We next discuss concrete descriptions of the Coxeter groups of types A n ; B n and D n which will feature in a number of our proofs. We draw the reader's attention to the fact that when regarding W as a group of permutations or signed permutations we act on the right, as is customary for permutations. First, W .A n / may be viewed as being Sym.n C 1/ with the set of fundamental reflections given by ¹.12/; .23/; : : : ; .n nC1/º. The elements of W .B n / can be thought of as signed permutations of Sym.n/. We say a cycle in an element of W .B n / is of negative sign type if it has an odd number of minus signs, and positive sign type otherwise. The set of fundamental reflections in W .B n / can be taken to be ¹. Let ¹e i º be an orthonormal basis for the reflection module V . For 2 W .A n /, define e i D e i . For 1 Ä i Ä n we may set˛. i iC1/ to be e i e i C1 . The positive roots of W .A n / are then e i e j for 1 Ä i < j Ä n. The positive roots of B n are of the form e i˙ej for 1 Ä i < j Ä n and e i for 1 Ä i Ä n and, for example,
The positive roots of D n are of the form e i˙ej for 1 Ä i < j Ä n. Therefore the root system of D n consists of the long roots of the root system for B n . Even if w is positive, it may contain negative cycles, which we wish on occasion to consider separately, so when considering elements of W .D n / we often work in the environment of W .B n / to avoid ending up with non-group elements.
The following result is obtained from [6, Propositions 3.4.6, 3.4.7, 3.4.11, 3.4.12]. The length of minimal length elements in conjugacy classes is not given explicitly, but expressions for elements of minimal length are given in [6, Section 3.4.2] and from these the length can be easily calculated.
Proposition 2.7. Let W be of type B n or D n . Then the following hold.
(i) Conjugacy classes in W are parameterised by signed cycle type, with one class for each signed cycle type except in the case where all cycles are of even length and positive, and W is of type D n . In this case there are two conjugacy classes, which can be interchanged by the length-preserving graph automorphism.
(ii) Cuspidal conjugacy classes in W are those whose signed cycle type consists only of negative cycles.
(iii) Each cuspidal conjugacy class X corresponds to a non-increasing partition D . 1 ; 2 ; : : : ; k / of n, where each i is the length of a negative cycle of w 2 X. Let i D P k j Di C1 i . The minimal length of an element of X is 8 < :
We close this section with a few pieces of notation. For a subset X of W we define`m in .X/ D min¹`.x/ j x 2 X º. The longest element of W will be denoted by w 0 . When W D W .A n 1 / Š Sym.n/, W acts in the usual way on the set D ¹1; 2; : : : ; nº. In this case, for w 2 W , the support of w, supp.w/, is given by supp.w/ D ¹ı 2 j ıw ¤ ıº. In the next lemma we encounter the following two subsets of W : (ii) If w is cuspidal, then I w D J w and, in particular, e.w/ D E.w/.
On the other hand, suppose x 2 D y 2 D 1, w D xy and L.w/ D L.x/ C L.y/.
For (ii), w being cuspidal implies, by Theorem 2.2, that V 1 .w/ D 0. So I w D J w , and clearly e.w/ D E.w/.
We now give examples of elements in the symmetric group which have arbitrarily large reflection excess, while having zero excess, showing that these quantities can differ by arbitrarily large amounts. Proof. First we observe that supp.w 1 /\supp.w 2 / D ;. We define two involutions x; y as .e 3 e 4 / x D e 1 e 5 2ˆC;
.e 4k 3 e 4k 2 / x D e 4k 4 e 4k 2ˆC;
.e 4k 1 e 4k / x D e 2 e 4k 2 2ˆC;
.e 2i 1 e 2i / x D e 2i 2 e 2i C1 2ˆC .3 Ä i Ä 2k 2/:
Hence N.x/ \ N.y/ D ;, which means e.w/ D 0 by Lemma 2.1.
Next we consider E.w/. Since w 1 D . 
Then 0 ¤ v 2 V 1 . / \ V 1 . /, which contradicts the fact that L.w/ D L. / C L. /. Therefore we have w 1 D w 1 1 , and so w 2 D w 1 2 . Similarly w 1 D w 1 1 and w 2 D w 1 2 . As a consequence every 2-cycle of and every 2-cycle of has its support either in supp.w 1 / or supp.w 2 /. Therefore there are involutions 1 ; 2 ; 1 and 2 such that Proof. Since the Coxeter graph of every finite Coxeter group is a forest (that is, a disjoint union of trees), the Coxeter graph of W is 2-colourable. Therefore we may divide the fundamental reflections into two sets R D R 1 P [R 2 , such that for r; s 2 R i , rs D sr. Now let x D Q r2R 1 r and y D Q r2R 2 r. Then w D xy is an element of X of minimal length, and e.w/ D E.w/ D 0.
We remark that if W is irreducible of rank at least two, its Coxeter graph can only be 2-coloured in one way and consequently there are exactly two Coxeter elements for which e.w/ D E.w/ D 0.
Our next proposition looks at cuspidal classes. The cuspidal classes in W .B n / are Coxeter elements of a reflection subgroup that is a direct product of Coxeter groups of type B. Therefore a cuspidal element is conjugate to a product of Coxeter elements of these factors. The construction of the elements i and i in the proof of Proposition 3.5 may be viewed as parallel to that of x and y in the proof of Lemma 3.4. (We remark that caution must be exercised, as positive roots in the root system of a reflection subgroup are not necessarily positive roots in the root systemˆof W .) Proposition 3.5. Let W be irreducible of type A n , B n or D n and X be a cuspidal conjugacy class of W . Then there exists w 2 X such that e.w/ D E.w/ D 0 and w has minimal length in X.
Proof. Suppose W D W .A n /. The only cuspidal class is the class of Coxeter elements, and so by Lemma 3.4 the proposition holds.
It remains to deal with the case where W is type B n or type D n and X is cuspidal. Here, by Proposition 2.7, the elements of X contain only negative cycles of lengths 1 : : : k , where P i D n. We will construct an element w 2 X of minimal length.
Let 1 D 0 and for 2 Ä i Ä k let i D P i 1 j D1 i . As in Proposition 2.7, for 1 Ä i Ä k, let i D P k j Di C1 i . Note that n D i C i C i . By Proposition 2.7, the minimal length of elements of X, l min .X /, is given by
Now for 1 Ä i Ä k define two involutions, i and i as follows. .
Note that if w 2 W .D n /, then k is even and hence and are both elements of W .D n /. If i is odd, then
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In either case, w i is a negative i -cycle. Hence w 2 X . We now consider`. / and . /. Firstly, note that is a product of distinct mutually commuting fundamental reflections. Hence`. / D P k i D1 d i 1 2 e. Now can be split into a product D 0 00 where 0 consists of the 2-cycles of and 00 D . 1 /. 2 / . k /:
/ consists of roots of the form e a e b where for some i , ¹a; bº Â ¹ i C 1; : : : ; i C i º. Also it is not hard to see that, thinking of 00 as an element of W .B n /,
If W D W .D n / then`. 00 / D 2 P k i D1 i and hencè
A similar calculation when W D W .D n / shows again that`.w/ Ä`. / C`. / D l min .X/ Ä`.w/. Therefore in each case,`.w/ D`. / C`. / D l min .X/. Hence e.w/ D 0 and w has minimal length in X. Since w is cuspidal, E.w/ D e.w/ D 0 and we have therefore proved Proposition 3.5.
Proof of Theorem 1.1. We argue by induction on the rank of W . When W has rank one the theorem clearly holds. By induction and Lemma 3.1 (iii) we may suppose W is an irreducible Coxeter group. If X \ W J ¤ ; for some J ¦R, then induction and Lemma 2.3 yield the result. So we may also assume X is a cuspidal class of W . Then the cases when W is of type A n ; B n and D n are dealt with in Proposition 3.5, while the case when W is isomorphic to Dih.2m/ is easy to handle. For the remaining exceptional irreducible Coxeter groups we had to resort to using MAGMA [1] . The sizes of X 0 min , where X 0 min denotes the set of elements in X which have minimal length in X and excess zero, are itemised in the Appendix as well as giving a representative element of this set. In all cases X 0 min is non-empty, whence Theorem 1.1 is proven.
Appendix Tables 2-5 give cuspidal classes in exceptional Weyl groups. Each class is labelled using the system in Carter [3] . Detailed information about these classes is given in [6, Tables B.1-B.6 ]. For a conjugacy class X let X min be the set of elements of minimal length in X and X 0 min be the set of w 2 X min for which e.x/ D E.x/ D 0. For each class X we give jX min j, jX 0 min j and a representative w 2 X 0 min . Tables 6 and 7 give cuspidal classes in H 3 and H 4 . For these tables the label of the class is its address in the CHEVIE list [5] . See also [6] . We have included Coxeter elements for completeness, even though they are covered by Lemma 3.4.
And finally, to improve readability, we write the element, say, r 1 r 3 r 2 r 4 as 1324. 
